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Introduction

Motivation

In Yang-Mills theory, there are simpler and richer structures than

Feynmann rules.
Warm up: In the 4-gluon scattering tree amplitude, do you need to sum

over all the s, t, u contribution to get a gauge independent quantity?
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In Yang-Mills theory, there are simpler and richer structures than
Feynmann rules.
Warm up: In the 4-gluon scattering tree amplitude, do you need to sum
over all the s, t, u contribution to get a gauge independent quantity? No,
if the s and t contribution are combined carefully, we already get an gauge
independent quantity Aj234. (Similarly, A2134, A1324...) Furthermore,
they are related,

A1234 + A2134 + A1324 = 0.

These kind of relations or identities are important,
@ Theoretically valuable...

@ Computational valuable...
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Feynmann rules.

Warm up: In the 4-gluon scattering tree amplitude, do you need to sum
over all the s, t, u contribution to get a gauge independent quantity? No,
if the s and t contribution are combined carefully, we already get an gauge
independent quantity Ai2za. (Similarly, Az134, A1324...) (Gauge invariance
of open string amplitude.) Furthermore, they are related,

A1234 + A2134 + A1324 = 0.

These kind of relations or identities are important,
@ Theoretically valuable...

o Computational valuable...
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In Yang-Mills theory, there are simpler and richer structures than
Feynmann rules.

Warm up: In the 4-gluon scattering tree amplitude, do you need to sum
over all the s, t, u contribution to get a gauge independent quantity? No,
if the s and t contribution are combined carefully, we already get an gauge
independent quantity Ai2za. (Similarly, Az134, A1324...) (Gauge invariance
of open string amplitude.) Furthermore, they are related,

A1234 + Ao134 + Ai3p4 = 0. photon decoupling theorem.

These kind of relations or identities are important,
@ Theoretically valuable...

o Computational valuable...
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BCJ conjecture

M-gluon tree amplitude in pure YM theory is

(2M—5)1!
cin; . .
AN = Z % c; color factor. n; kinematic factors. P; poles.
;

i
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cin; . .
AN = Z % c; color factor. n; kinematic factors. P; poles.
;

i

Z.Bern, J.Carrasco and H.Johansson conjecture that, which is checked by
computer until M < 8. (hep-ph/0805.3993)
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AN = Z IID" c; color factor. n; kinematic factors. P; poles.
;

Z.Bern, J.Carrasco and H.Johansson conjecture that, which is checked by
computer until M < 8. (hep-ph/0805.3993)

Q |If three color factors satisfy (Jacobi) ¢; + ¢j + ¢k = 0, then the
corresponding n; + n; + ni = 0.

Checked by computer up to M = 8...
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Introduction

BCJ conjecture

M-gluon tree amplitude in pure YM theory is

(2M—5)11

n; ) )
AN = Z IID" c; color factor. n; kinematic factors. P; poles.
;

Z.Bern, J.Carrasco and H.Johansson conjecture that, which is checked by
computer until M < 8. (hep-ph/0805.3993)
Q |If three color factors satisfy (Jacobi) ¢; + ¢j + ¢k = 0, then the
corresponding n; + n; + ni = 0.

© M-graviton tree amplitude in Einstein theory is

(2M—5)11

n;n;
Aﬁ/,ra" = E "' same n; and P;
Pi

i

Checked by computer up to M = 8...
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BCJ conjecture

BCJ conjecture is important, because if it is true
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BCJ conjecture

BCJ conjecture is important, because if it is true
@ The number of the independent n; and also the independent partial
amplitudes dropped dramatically.

@ By the unitarity method: although n; are just from the tree YM
amplitude, BCJ shown their relations can be used to simplify the YM
loop amplitude calculation.

@ The Feynman rules for graviton tree amplitude in Einstein theory is
extremely messy, however, BCJ conjecture 2 gives a neat result
without even deriving the rules.
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BCJ conjecture

BCJ conjecture is important, because if it is true

@ The number of the independent n; and also the independent partial
amplitudes dropped dramatically.

@ By the unitarity method: although n; are just from the tree YM
amplitude, BCJ shown their relations can be used to simplify the YM
loop amplitude calculation.

@ The Feynman rules for graviton tree amplitude in Einstein theory is
extremely messy, however, BCJ conjecture 2 gives a neat result
without even deriving the rules.

Although the BCJ conjecture-1 seems simple, it was not noticed until
recently when people are working on loop amplitude. The direct proof
with Feynman rules soon became too complicated. BCJ conjecture-2 is
almost impossible to prove just by Feynman rules.
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Thinking...

i + ¢j + ¢, = 0 is pure mathematical while n; + n; + n, = 0 is physical.
Why are they dual to each other?
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Thinking...

i + ¢j + ¢, = 0 is pure mathematical while n; + n; + n, = 0 is physical.
Why are they dual to each other?

Make mathematics physicall!

Recall that in heterotic string theory, the color index is represented by
discrete momentum in root lattice. The whole Lie-algebra structure can be
understood as the interaction of strings with discrete momentum.
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Thinking...

i + ¢j + ¢, = 0 is pure mathematical while n; + n; + n, = 0 is physical.
Why are they dual to each other?

Make mathematics physicall!

Recall that in heterotic string theory, the color index is represented by
discrete momentum in root lattice. The whole Lie-algebra structure can be
understood as the interaction of strings with discrete momentum.

And heterotic string theory contains graviton!

That is a hint for BCJ conjecture-2...
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Our strategy: Heterotic string theory + KLT relation

Heterotic string theory is closed string theory, within it

Gluon = color sector x vector sector

Graviton = vector sector X vector sector
KLT relation, (H.Kawai, D.C.Lewellen and H.Tye), shown that

closed amplitude o (left open amplitude) x (right open amplitude)

@ Open amplitudes, by contour integral argument, would satisfy the
same kind of identities, no matter they are left/right, vector/color.
BCJ conjecture-1 is proven.

@ When left sector: color — vector, the ¢; are replaced by n;'s, so KLT
relation gives,

n;n;

Pi ~ P

i i

AYI\/I cinj N AGrav _
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Outline

Introduction

(Physics 651) BCJ conjecture in the view point of field theory.
Review of the heterotic string theory, in the low energy limit
Proof of BCJ conjecture-1: 4-point example

Proof of BCJ conjecture-1: general case

Graviton scattering amplitude and other amplitudes

Summary
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(Physics 651) BCJ conjecture in the view point of field theory.

4-gluon example

Scattering amplitude for four gluons, (ki,a1,¢1), (k2, a2,¢2), (ks, a3, (3)
and (ka, a4, (a) is easily obtained by Feynman rules,

CsNs | Cully | CeMe
AM === +
S u t
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4-gluon example

Scattering amplitude for four gluons, (ki,a1,¢1), (k2, a2,¢2), (ks, a3, (3)
and (ka, a4, (a) is easily obtained by Feynman rules,

CsNs | Cully | CeMe
AM === +
S u t

where the 4-point vertex contribution is absorb into s, t and u channels.
Cs = falagbfba3a4, ¢ = faza3bf'bala4 and Cu= fa3albfbaza4-
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(Physics 651) BCJ conjecture in the view point of field theory.

4-gluon example

Scattering amplitude for four gluons, (ki,a1,¢1), (k2, a2,¢2), (ks, a3, (3)
and (ka, a4, (a) is easily obtained by Feynman rules,

AM CsNs 4 Cyhy n CeNy
A=

S u t

where the 4-point vertex contribution is absorb into s, t and u channels.

Cs = farmbpbaas o — faasbfbaias 5pq Cy = fasabrbaas  However, n;'s
are complicated,

ng = i[(C1-C2)(ka — k1) — (2ka - (1)C2 + (2k1 - (2)¢1]
X[(C3 - Ca)(ka — k3) — (2ka - (3)Ca + (2k3 - C4)C3]
—i[(¢1 - G)(Ca - Ca) — (G- Ca)(Ca - G3)ls

neg = ...,Ny = ...
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(Physics 651) BCJ conjecture in the view point of field theory.

4-gluon scattering example

It is easy to see that, by Jacobi identity,

Cs + c + Cy = falagbfba3a4 + faga3bf-bala4 + f-a3albfbaga4 -0
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(Physics 651) BCJ conjecture in the view point of field theory.

4-gluon scattering example

It is easy to see that, by Jacobi identity,
Cs + c + Cy = falagbfba3a4 + faga3bfbala4 + f-a3albfbaza4 -0

However, it is amazing that the kinematic factors satisfy the same identity
as the color factors,

ns+ng+n, =0
where we used the conservation of momenta, on-shell condition and the
physical polarization condition k; - (; = 0. The check of the relation is
straightforward but tedious.
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(Physics 651) BCJ conjecture in the view point of field theory.

4-gluon scattering example

It is easy to see that, by Jacobi identity,
Cs + c + Cy = falagbfba3a4 + faga3bf-bala4 + f-a3albfbaza4 -0

However, it is amazing that the kinematic factors satisfy the same identity

as the color factors,
ns+ns+n,=0

where we used the conservation of momenta, on-shell condition and the
physical polarization condition k; - (; = 0. The check of the relation is
straightforward but tedious.

Why do the color factors and the kinematic factor satisfy the same kind of
identity?
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(Physics 651) BCJ conjecture in the view point of field theory.

5-gluon scattering example

More complicated, 15 channels

YM c1m Co2no c3n3 Ca Ny C5 N5 Ce Ne crhy
A5 - + +
512545 515523 512534 523545 515534 514525 514523
Cghng + Cohng + Ci0Mo C11Mmai + C12M2 C13Ms3 C14M14 4 C15M15
534525 513525 513524 515524 512535 524535 514535 513545
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(Physics 651) BCJ conjecture in the view point of field theory.

5-gluon scattering example

More complicated, 15 channels

c1m CoNo c3n3 Cq Ny C5 N5 Ce Ne crny
M — + + + + + +

A
5
512545 515523 512534 523545 515534 514525 514523
Cghng Cohg Ci0Mo C11Mmai C12M2 C13Ms3 C14M14 C15M15
+ + + + + + +

534525 513525 513524 515524 512535 524535 514535 513545

Still, the color factors and the kinematic factors satisfy the same identities,

¢ +cas—a=0, ng+ns —ny =0
¢t +cp—c =0, ng+n;—np=20
cg+cg—ce =0, ng+ng—ng =20
c3+c—c5 =0, n3+ng—ns =0

10 identities for ¢;'s, and 10 same identities for n;'s.
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(Physics 651) BCJ conjecture in the view point of field theory.

M-gluon scattering and M-graviton

More and more complicated for the growing M. The number of channels,
color factors, kinematic factors are all (2M — 5)!1.
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M-gluon scattering and M-graviton

More and more complicated for the growing M. The number of channels,
color factors, kinematic factors are all (2M — 5)!1. For M < 8, BCJ shows
that if ¢; + ¢ + ¢cx = 0, then ni +nj+n, =0.
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M-gluon scattering and M-graviton

More and more complicated for the growing M. The number of channels,
color factors, kinematic factors are all (2M — 5)!1. For M < 8, BCJ shows
that if ¢; + ¢ + ¢cx = 0, then ni +nj+n, =0.

Questions, (BCJ conjecture 1)

@ Does the duality between the color factor identities and the kinematic
identities hold for arbitrary M?
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color factors, kinematic factors are all (2M — 5)!1. For M < 8, BCJ shows
that if ¢; + ¢ + ¢cx = 0, then ni +nj+n, =0.

Questions, (BCJ conjecture 1)

@ Does the duality between the color factor identities and the kinematic
identities hold for arbitrary M?

o If answer for the first question is "yes”, then what is the origin of this
duality? (It seems that ¢; + ¢j + ¢ = 0 is purely mathematical while
ni + nj + n, = 0 is physical.)
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Why heterotic string theory?

Heterotic string theory, discovered by D.Gross, J.Harvey, E.J.Martinec and
R.Rohm, is a closed string theory whose left-mover (holomorphic) is the
open bosonic string with extra dimension while the right-mover
(anti-holomorphic) is the open superstring.
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R.Rohm, is a closed string theory whose left-mover (holomorphic) is the
open bosonic string with extra dimension while the right-mover
(anti-holomorphic) is the open superstring. Why heterotic string?

© It contains non-abelian gauge symmetry. (So Type IlA, 1B, bosonic
closed string theories would not be considered here.)
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R.Rohm, is a closed string theory whose left-mover (holomorphic) is the
open bosonic string with extra dimension while the right-mover
(anti-holomorphic) is the open superstring. Why heterotic string?

© It contains non-abelian gauge symmetry. (So Type IlA, 1B, bosonic
closed string theories would not be considered here.)

@ It is a closed string theory so it contains both left-mover and
right-mover. That is a hint for two sets (color and kinematic) of
identities in BCJ
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Why heterotic string theory?

Heterotic string theory, discovered by D.Gross, J.Harvey, E.J.Martinec and
R.Rohm, is a closed string theory whose left-mover (holomorphic) is the
open bosonic string with extra dimension while the right-mover
(anti-holomorphic) is the open superstring. Why heterotic string?
© It contains non-abelian gauge symmetry. (So Type IlA, 1B, bosonic
closed string theories would not be considered here.)

@ It is a closed string theory so it contains both left-mover and
right-mover. That is a hint for two sets (color and kinematic) of
identities in BCJ (So open string theory with Chan-Paton factor is
not used here.)
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Massless spectrum in Heterotic string theory

As a closed string theory,
State = left-moving sector x right-moving sector

Massless left-moving sector
© \Vector sector. i, 8X“eik“x
@ Color sector. ekvX"TiKiX" or j¢,0X! ek X" K discrete momentum,
¢!, Cartan Lie algebra.
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Heterotic string review

Massless spectrum in Heterotic string theory
As a closed string theory,

State = left-moving sector x right-moving sector

Massless left-moving sector

© \Vector sector. i, 8X“eik“x

@ Color sector. ekvX"TiKiX" o j¢,9X! etk X

¢!, Cartan Lie algebra.

Massless right-moving sector

O Vector sector. i(,0X"e X"

@ Spinor sector.

. K, discrete momentum,

Henry Tye and Yang Zhang (LEPP) Identities, Gluon, Graviton February 19, 2010 13 /29



Heterotic string review

Massless spectrum in Heterotic string theory

As a closed string theory,

State = left-moving sector x right-moving sector

Massless left-moving sector
© \Vector sector. i, 8X“e’k“x

@ Color sector. e

¢!, Cartan Lie algebra.
Massless right-moving sector
O Vector sector. i(,0X"e X"

@ Spinor sector.
Gluon
Graviton
Gluino

Gravitino

Henry Tye and Yang Zhang (LEPP)

color sector X vector sector
vector sector X vector sector|e,¢, e,
color sector X spinor sector

vector sector X spinor sector

Identities, Gluon, Graviton February 19, 2010

o XUHIKIXT or jc;0X! e X" K, discrete momentum,
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Color sector

We look at the color sector more carefully. The Lie algebra of G can be
decomposed into the Cartan sub-algebra and the root. Simplest example,

G =SU(2), L, € Cartan, Ly,L_ € Roots
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Heterotic string review

Color sector
We look at the color sector more carefully. The Lie algebra of G can be
decomposed into the Cartan sub-algebra and the root. Simplest example,
G =SU(2), L, € Cartan, Ly,L_ € Roots
For Gluon with the color index € Cartan, the vertex operator is
i, 0X! ek X"

where ( is an element in Cartan sub-algebra.
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Color sector

We look at the color sector more carefully. The Lie algebra of G can be
decomposed into the Cartan sub-algebra and the root. Simplest example,

G =SU(2), L, € Cartan, Ly,L_ € Roots
For Gluon with the color index € Cartan, the vertex operator is
I'Claxleikyxl’

where ( is an element in Cartan sub-algebra. For gluon with the color
index € as a root, the vertex operator is

eikuX”+iK,X’

. where K is a root in the root lattice, which is the momentum space of
the extra dimensions.

Henry Tye and Yang Zhang (LEPP) Identities, Gluon, Graviton February 19, 2010 14 /29



4-gluon identities via heterotic string

KLT relation, by H.Kawai, D.C.Lewellen and H.Tye,

closed string amplitude
= Z left open string amplitude x right open string amplitude
So we will first calculate the left-moving open string amplitude and
right-moving open string amplitude separately. In this calculation, we find

that the analytic property of the left-moving open amplitude will give the
Jacobi identity
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4-gluon identities via heterotic string

KLT relation, by H.Kawai, D.C.Lewellen and H.Tye,

closed string amplitude

= Z left open string amplitude x right open string amplitude

So we will first calculate the left-moving open string amplitude and
right-moving open string amplitude separately. In this calculation, we find
that the analytic property of the left-moving open amplitude will give the
Jacobi identity while the same kind of analytic property of the
right-moving amplitude will give the BCJ dual identities.

Henry Tye and Yang Zhang (LEPP) Identities, Gluon, Graviton February 19, 2010 15 /29



4-gluon identities via heterotic string

Left-moving open amplitude

We have 3 partial amplitudes (different vertex orderings),

0 ! / a, /
ALl = co(2134) / dxy (—xp) TRkt Mika(q o) Fherket20 ke ()
—0o0

1 /
S ki-k "Ki-K: o ’
A3 = co(1234) /0 dxy 32 ETRIIG (o) TRkt 20 Ko Kap ()

o0 oy 1. o ,
Aéggi = co(1324)/1 dxo xfkl fotzaiure (xp — 1) 2 kekst2a'KaKs g ()

where co(1234) and etc are the product of co-cycles, which can only be
+1. f(x) contains the possible polarization in lattice, i.e., color index in
Cartan sub-algebra. The three amplitude are related via analytic
continuation!

Henry Tye and Yang Zhang (LEPP) Identities, Gluon, Graviton February 19, 2010 16 / 29



4-gluon identities via heterotic string

Analytic continuation

The integral in Aéggz can be continued to a contour integral which equals
zero,

/01 dxo x5 (1 — x2) " f(x2) — /Z dxp x5 (1 — x2) " f(x2) =0

X3 X2
_________________ S S
0 1
oA, A, e Al o
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Analytic continuation

The integral in Aéggz can be continued to a contour integral which equals
zero,

/01 dxo x5 (1 — x2) " f(x2) — /Z dxp x5 (1 — x2) " f(x2) =0

IR ¢ AL e ALY, o

Henry Tye and Yang Zhang (LEPP) Identities, Gluon, Graviton February 19, 2010 17 /29



Analytic continuation

The integral in Aéggz can be continued to a contour integral which equals
zero,

/01 dxo x5 (1 — x2) " f(x2) — /Z dxp x5 (1 — x2) " f(x2) =0

deXZ
o X X3
Al Xa

em(F R + AL, + e MERRIALY — .
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Analytic continuation

The integral in Aéggz can be continued to a contour integral which equals
zero,

/01 dxo x5 (1 — x2) " f(x2) — /Z dxp x5 (1 — x2) " f(x2) =0

) e -
0 1
(k) A\LS) | AL 4 o—in(Fhek) AL g

2134 1234 1324 —
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Low energy limit

In the low energy limit, i.e., the zero slope limit only the massless state
(gluon, graviton, etc. ) survived so we get the field theory,

. L(c) L(c)
lim A — A
a'—0 1234 1234
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4-gluon identities via heterotic string

Low energy limit

In the low energy limit, i.e., the zero slope limit only the massless state
(gluon, graviton, etc. ) survived so we get the field theory,

. L(c L(c)
lim A — A
a'—0 1234 1234

The contour integral identity is reduced to
ApiSs + ALS5) + Arioh = 0, real part
SAL(S) — paL()

5134 = tAj3p,, imaginary part

where s = —(ky + k)2, u= —(k1 + k3)? and t = —(ky + kq)?.
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4-gluon identities via heterotic string

Low energy limit

In the low energy limit, i.e., the zero slope limit only the massless state
(gluon, graviton, etc. ) survived so we get the field theory,

. L(c L(c)
lim A — A
a'—0 1234 1234

The contour integral identity is reduced to

ALS) 1 AKS  AHO) — 0, real part
sAéggzl = tAiggzl, imaginary part
where s = —(ky + k)2, u= —(k1 + k3)? and t = —(ky + ks)?. The
meaning of this identity is not clear, so we look at it more carefully by the
channel decomposition.
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4-gluon identities via heterotic string

Channels

One string amplitude, in the low energy limit, will decompose into several

4. .3 4 3 4 3
— +
) [ ]
2 2 2
! 1 o g
A2z = -—
s t
channels,
L(c) G | Cu ,lc) _ G G ,l(c) _
2134 S g 1234 S 1324 P

Plug into the contour integral identities, we will get the result,

A2£34 + Aégi + Alggzl =0, real part

sAéggi = tAigzi, imaginary part
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Jacobi identity

We have
Es = GCs, Eu = Cu, E‘1.‘ = Ct.
and,
Cs + ¢+ ¢, =0.

The direct calculation shows that ¢ = fa12bfbasas o — faasbgbaas 5nq
cy = fa3albfbaga4.

The contour integral for the left-moving color sector just gives the Jacobi
identity, while the same method, applied on the right-moving vector sector
will give the non-trivial identities ns + n; + n, = 0.
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Right-moving amplitude

1 ’
R N o ke
A12(§2 = /0 dxo Xy’ ! 2(1 — X2) 2 ke k3f(X2),etc.

- o GG o Gtk
f(x2) = exp ( = E - :
2 g (xi—x)? 2 iz 9~ %/ Imultiple-linear

The contour integral in x, gives,

G RIALG) A e R o

X X3 X2
_________________ y R S e
0 1
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kinematic identity

R(v) ns ne R(v) ny ny
A =——4+— A =——-— A =——+4 —.

2134 S g0 1234 S ;0 1324 u n
Unlike the ¢;'s, the definition of ns, n: and n, is not unique because we
can move the contact terms between each other, n., = ns + cs,

ny, = n¢ + ct, nl, = n, + cu.
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kinematic identity

R(v) Ns nu’ AR(v) _Ns nt, AR(V) L + Nt

1234 — s t 1324 — u t

Unlike the ¢;'s, the definition of ns, n: and n, is not unique because we
can move the contact terms between each other, n., = ns + cs,

ny, = n¢ + ct, nl, = n, + cu.

In the low-energy limit, the imaginary part of the contour integral identity,

R(v R(v
5A21(342 = tA13(22

gives,
ng+ ng+n, =0,

This identity is invariant under the contact term rearrangement,

ni+n,+n,=ns+n+n,+c(s+t+u)=0
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4-gluon amplitude

KLT, ,
e . a L(c) pR(v
Az—éluon ocsin (W2k2 : k3) ) A1£321A13(22-
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E— rTony dentteel It ot e rin gl
4-gluon amplitude

KLT, ,
e . a L(c) pR(v
Az—éluon ocsin (W2k2 : k3) ) A1£321A13(22-

in the low energy limit

Cs Ct ny ne
Aa x (= -y
4-gluon ( s t ) U t )
_ <(_csnu 3 csnt) N (_csnu 3 ctnu) N ctnt>
S S u u t
_ CsNg + Ccyny i Cj_-nt-7
S u t

so we get the deserved result with the identities ¢s + ¢ + ¢, = 0 and
ns + ny + n, = 0. The duality between the two identities comes from the
same contour integral identity.
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M-gluon amplitude via heterotic string theory

M-gluon

This method can be used for arbitary M-gluon tree scattering amplitude.
Now there are (2M — 5)!! channels, so (2M — 5)!! ¢;'s and n;’s.

cinj

YM _
A =3F

i
New feature We have to integrate over M — 2 variables, there are many

different ways to do contour integral so there are many open string
identities.
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M-gluon amplitude via heterotic string theory

M-gluon

New feature: One contour integral argument gives (M3_1) color
(kinematic identities). For instance, if we consider the continuation of the
: i AL(e)
x2 integral in A5z,
3+ cg — ¢y C4—C2+C7+C4+C15—C1+C8+C9—C6_
S34 23 545 525

0,
whose residues are,
ate—6=0,a—at+tag=0,ag+tas—ca=0, g+c—c =0.

By detailed combinatorics, we proved that for arbitary M, the contour
integral identities will give all the color identities between ¢;'s.
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The subtlety in n;'s

It seems that as the M = 4 case, all the analysis on the color sectors can
be directly applied on the vector sector. However, there is a subtlety since
n; contains the contact terms, for example,

n3+ng—ns Ng—np+ny  Ng+nNs—nNy  Ng+nNg— ne
— — + + =0,

S34 53 545 525
n3, ng and ns may contain contact terms which are proportional to s34 and
not residues. By general channel choice, the sum, n3 + ng — ns always
vanishes except that contact terms. (4-point case does not have this
subtlety.)
We think that (still working in progress),
@ there exist a way to rearrange the contact terms in n;'s such that
n; + n; + ny exactly vanish.
@ such a way is not unique and actually these choices form a subspace
with the dimension (M —2)! — (M — 3)L.
When the existence of the rearrangement is found, then as the 4-point

case, the dual kinematic identities are dual to the Jacobi identities
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Graviton amplitude and other amplitudes

Turn to the M-graviton amplitude,
Graviton = vector sector X vector sector

Now the left-mover is also vector section. We can repeat all what we did
in the gluon scattering case just with some label changing

AL(C) — AR(V), Ci — h;.

Because we know that the gluon heterotic string amplitude, in the low
energy limit, would finally reduce into,

YM _
Ay’ =

i

cinj

Pi

so the graviton heterotic string amplitude, in the low energy limit, would

finally reduce into,
nin;

—~ P
1
So the BCJ conjecture on graviton amplitude is also proven.
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Graviton amplitude

4-graviton example

When KLT relation is used on color sector X vector sector, we have.

Cs Ct n ne
A4—g|uon X t(i - ( - +—

s t u t
CsNs Culy Ce Nt
+ +

s u t’
On the other hand, When KLT relation is used on
vector sector X vector sector, we have,

A4—graviton X t(f_*)( Mu nt)

which is the 4-graviton tree amplitude. The calculation is totally identical
except ¢; — n;.
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Summary

@ Up to the subtlety of the contact terms, we prove BCJ conjecture via
heterotic string theory and the dualities between color/kinematic
identities and also gluon/graviton are natural.

@ When BCJ conjecture is proven, the calculation of graviton amplitude
is dramatically simplified.
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Summary

@ Up to the subtlety of the contact terms, we prove BCJ conjecture via
heterotic string theory and the dualities between color/kinematic
identities and also gluon/graviton are natural.

@ When BCJ conjecture is proven, the calculation of graviton amplitude
is dramatically simplified.

Further directions,

@ KLT relation, applied in heterotic string theory, seems to give a
duality between the gauge amplitude and gravity amplitude, but
different from AdS/CFT. Does this relation illustrate the gauge and
gravity in different regime?

@ The loop amplitude is related to the tree amplitude via unitarity
relations. So the BCJ conjecture would be generalized to the loop
amplitude case.
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